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Entropy of BTZ black hole and its spectrum
by quantum radial geodesics behind horizons
V.V.Kiselev∗
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In the framework of thermal quantization of radial geodesics completely confined behind the
horizons we calculate the entropy of BTZ black hole in agreement with the Bekenstein–Hawking
relation. Particles in the BTZ black hole occupy the only quantum ground level. The quantization
allow us to find a linear dependence of black hole mass versus its orbital momentum.
PACS numbers: 04.70.Dy
I. INTRODUCTION
Recently, we have formulated a new framework for cal-
culating the entropy of black hole by a quasi-classical
description of particles moving at radial geodesics com-
pletely confined behind horizons of black hole [1, 2, 3, 4].
The thermodynamical assignment of such the motion is
twofold. First, the trajectories are periodic in purely
imaginary time, which is a direct indication of ther-
mal equilibrium in terms of path integral for the par-
tition function. The periodicity leads to a thermal quasi-
classical quantization, so that the partition function is
approximated by a leading term of sum over the discrete
geodesics. Second, the macro-state of black hole is fixed
by its mass and other several global charges as an electric
charge or an orbital momentum, while the micro-state is
composed of full set of quantum levels for each particle
at confined geodesics. Therefore, the macro-state is not
a pure quantum state, it is characterized by a density
matrix obtained by summing up over the micro-states.
Such the approach has been tested on standard exam-
ples of black holes, i.e. the Schwarzschild black hole, and
Reissner–Nordsto¨m, Kerr–Newman ones [2]. The Hawk-
ing radiation [5] of Schwarzschild black hole by transi-
tions between the levels of particle confined behind the
horizon has been investigated in [4].
In present paper we expand the analysis to the
Ban˜ados–Teitelboim–Zanelli black hole [6].
The motion of massive particles in the gravitational
field of BTZ black hole can be studied by the action given
by the sum of gravity and particles terms
S =
1
16πG
∫ √−g d3x {R + 2
ℓ2
}
−
∑
mc
∫
ds, (1)
where R is the Ricci scalar of curvature, G is the gravi-
tational constant with the dimension of length or inverse
energy, the length ℓ represents the cosmological constant
of anti-de Sitter (AdS) 2+1 space-time, while the interval
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of BTZ black hole is given by
d2s = N2d2t− 1
N2
dρ2 − ρ2
(
−4J G
ρ2
dt+ dφ
)2
. (2)
In (2)
N2 =
1
ℓ2ρ2
(
ρ4 − 8GMℓ2ρ2 + 16J2G2ℓ2), (3)
whereas J is the orbital momentum of black hole.
The BTZ black hole has two horizons (nullifying the
function N2)
ρ2± = 4GM ℓ
2
(
1±
√
1− J
2
M2ℓ2
)
, (4)
determining two 1D ‘areas’
A± = 2π ρ±. (5)
The solution is the black hole, if ρ± are real numbers, i.e.
|J | 6 M ℓ. (6)
In section II we study the BTZ black hole with J =
0. We in detail describe the introduction of appropriate
coordinates for geodesics completely confined behind the
horizon and the thermodynamical quantization, which
results in the only ground level of particle in the field of
BTZ black hole. Fixing the total energy of particles by
the black hole mass, we derive the entropy satisfying the
Bekenstean–Hawking law. The case of J 6= 0 with two
horizons is investigated in section III. Consistence of two
maps behind the horizons leads to quantizing the ratio of
horizon radii. The ratio has to run a finite set of values,
since we introduce a winding number equal to a number
of cycles per period in imaginary time, and it should be
integer. The entropy of BTZ black hole in general case
is reproduced. Section IV represents the quasi-classical
spectrum of BTZ black hole: the mass is linear in J , and
the area squared is also linear in J . Our conclusions are
listed in section V.
2II. NO ROTATION: J = 0
At J = 0 the metric is reduces to
ds2 = N20dt
2 − 1
N20
dr2 − r2 dφ2, (7)
with
N20 =
r2 − r2+
ℓ2
, r2+ = 8GM ℓ
2. (8)
At radial geodesics
(r˙)2 = N40 (1−AN20 ), (9)
where the integral of motion A is determined by the total
energy of particle, E, with the mass m,
A =
m2
E2
. (10)
The interval at the trajectory is expressed by
ds2 =
A
1−AN20
dr2 =
ℓ2
r2c − r2
dr2, (11)
where
r2c = r
2
+ +
ℓ2
A
. (12)
For the radial geodesics completely confined behind the
horizon, we get
r2c < r
2
+ ⇒ A < 0, (13)
so that
ds2 > 0, if r: 0 < r < rc < r+. (14)
At such causal geodesics
ds2 = AN40 dt
2 > 0, at A < 0, ⇒ dt2 < 0, (15)
i.e. the time should run purely imaginary values. Such
evolution in the imaginary time can be assigned to the
thermodynamical character of motion. Namely, a pe-
riod in imaginary time is equal to inverse temperature
of thermodynamical ensemble in a thermal equilibrium.
In order to fix the period let us to consider the Kruskal
coordinates.
First, the ‘tortoise’ coordinate is determined by
r∗ =
∫
dr
N20
=
ℓ2
2r+
ln
r − r+
r + r+
, (16)
while the Kruskal coordinates are
{
u = t− r∗,
v = t+ r∗,
⇒


u¯ = − ℓ
2
r+
e
−u r+
ℓ2 ,
v¯ = +
ℓ2
r+
e
+v
r+
ℓ2 ,
(17)
that results in the metric
ds2 =
(r + r+)
2
ℓ2
du¯dv¯ − r2 dφ2, (18)
which is free of any singularity, in particular, at the hori-
zon. The inverse transition is given by

t =
ℓ2
2r+
ln
[
− v¯
u¯
]
,
r∗ =
ℓ2
2r+
ln
[
−u¯ v¯ · r
2
+
ℓ4
]
.
(19)
Metric (18) is useful for analyzing the causal relations,
especially, in the radial motion, since isotropic lines, i.e.
light cones (ds2 = 0), correspond to lines parallel to axes
of v¯ and u¯ (dv¯ = 0 or du¯ = 0).
Second, we introduce the coordinate map for the
geodesics completely confined behind the horizon in
terms of ρ and phase ϕE

u¯ = κ i ρ eiϕE ,
v¯ = − i
κ
ρ e−iϕE ,
(20)
which are related with the primary time and radius by

t = −i ℓ
2
r+
ϕE +∆t0, ϕE ∈ [0, 2π],
r∗ =
ℓ2
r+
ln
[
−ρ r+
ℓ2
]
, ρ ∈ [0, ℓ2/r+],
(21)
at ∆t0 = −ℓ2/r+ lnκ. Eq. (21) certainly establishes
the value of period in the purely imaginary time, that
determines the inverse temperature of black hole at J =
0,
β0 = 2π
ℓ2
r+
. (22)
The horizon ‘area’ (perimeter) is given by
A0 = 2π r+ = 4π ℓ
√
2GM, (23)
where we have substituted r+ in terms of black hole mass
at J = 0. Then, by differentiation we find
dM =
T0
4G
dA0, T0 = 1
β0
, (24)
that indicates the introduction of entropy by
S0 = A0
4G
, (25)
in accordance with the Bekenstein–Hawking relation [5,
7, 8].
In order to calculate the partition function of particles
moving by classical paths completely confined behind the
3horizon [1], we, first, evaluate the increment of phase per
cycle, i.e. by motion from r = 0 to r = rc and back,
∆cϕE = i · 2
rc∫
0
dr
dt
dr
r+
ℓ2
=
2
rc∫
0
dr
r+
r2+ − r2
√
r2+ − r2c
r2c − r2
.
(26)
Introducing
ξ = r2,
we can represent integral (26) by
∆cϕE = r+
∮
dξ
2
√
ξ
1
ξc − ξ
√
ξ+ − ξc
ξc − ξ , (27)
where the contour of integration loops the cut in complex
plane of ξ because of square roots in the integrand as
shown in Fig. 1.
x+
xc
x
FIG. 1: The integration contour in complex plane of ξ.
However, we can consider the auxiliary contour includ-
ing the pole at ξ+ in Fig. 2.
x+xc
x
FIG. 2: The auxiliary contour in complex plane of ξ.
This contour can be deformed to the circle at infinity,
where the integrand rather rapidly nullifies. Therefore,
the integral over the auxiliary contour is equal to zero,
which can be written as the sum of integral for the incre-
ment and integral around the pole. Hence, the increment
of phase is given by the residue at ξ = ξ+,
∆cϕE = π. (28)
Remarkably, it is independent of rc.
In [1, 2, 4] we have introduced a winding number, de-
termining a number of cycles per the full period of phase.
By [4] we recognize that the increment value of (28) leads
to the following conclusion: there is the only quantum
level of particle moving behind the horizon of BTZ black
hole at J = 0, i.e. the level at rc → r+ or A → −∞,
since at rc < r+ we expect the winding number equal to
3π/(2∆cφE) = 3/2, which is not integer. The level is the
ground state of particle in the thermal ensemble. The
corresponding winding number is given by
n =
2π
∆cϕE
= 2. (29)
Thus, each particle can occupy two orbits at the ground
level.
The increment of interval is determined by
∆cs0 = 2
rc∫
0
dr
ℓ√
r2c − r2
= π ℓ, (30)
which is also independent of rc. Therefore, the action of
massive particle confined behind the horizon is equal to
S0 = −mcn∆cs0 = −mc 2π ℓ. (31)
Following [1, 2], we deduce the thermodynamical function
G = −βF = −2π ℓ
∑
mc, (32)
where F is the Helmholtz free energy. Further, we denote
the sum of particle masses by
σ0 =
∑
mc. (33)
Then, in the framework of thermodynamical relations,
we fix the total energy of the system by the black hole
mass
M = −∂G
∂β
= 2πℓ
∂σ0
∂β0
. (34)
However, at J = 0 we can easily use
∂β0
∂M
= − πℓ
2M
1√
2GM
,
so that
∂σ0
∂M
= − 1
4
√
2GM
,
that gives
σ0 = −1
2
√
M
2G
, (35)
where we have put the integration constant equal to zero,
as usually accepted. Then, the entropy can be evaluated
by standard formula of thermodynamics,
S0 = β0M +G = πℓ
√
2M
G
=
1
4G
A0. (36)
The only unusual feature of such the derivation is the
negative sign of function σ0 equal to the sum of particle
4masses. This fact is closely connected with the notion
of vacuum for the black hole in the anti-de Sitter space
(AdS). As was shown in [6, 9], the true vacuum is the
AdS space corresponding to the mass parameter equal to
MAdS = −(8G)−1, i.e. the negative value of mass. This
vacuum is terated as a ‘bound’ state. By analogy, the
thermodynamical ensemble has the negative free energy
F at J = 0,
F0 = −M,
that could be treated as the indication of binding the
particles in the field of BTZ black hole. If
F0 > MAdS ⇒ M 6 1
8G
, r+ 6 ℓ, (37)
hence, the horizon has a radius less than the curvature
radius of AdS space.
The value of entropy is in agreement with calculations
by A. Strominger in the framework of conformal theory
[9]. Indeed, the entropy counts the number of states with
the mass M , while the Virasoro algebra has the central
charge
c =
3ℓ
2G
, (38)
and generators
L0 = L¯0 =
2M
ℓ
, (39)
so that the Cardy formula [10] gives
S0 = 4π
√
cL0
6
= πℓ
√
2M
G
. (40)
The variation of G can be written in the form
dG =
πℓ
2
√
2GM
dM = β dM, (41)
or
dG = −2πℓ dσ, (42)
which are consistent with each other. The Hawking ra-
diation takes place at dM < 0, i.e. at the decrease of
black hole mass. Eq. (41) means that the probability
distribution versus the energy emitted by the black hole
E = −dM , is given by
w ∼ e−βE , (43)
which is the Gibbs distribution, that reproduces the ther-
mal spectrum of black body up to ‘grey body’ factors of
re-scattering. The radiation is balanced by the appro-
priate change of particle masses at the ground level as
dictated by (41) and (42),
dσ = − β
2πℓ
dM.
The consideration of Hawking radiation as a quasi-
classical tunnel effects was given in [11]. Further details
could be also found in review on the thermodynamics of
black hole horizons [12].
III. TWO HORIZONS: J 6= 0
At J 6= 0 we follow the consideration in second refer-
ence of [2]. So, we put the angle dependent contribution
in the BTZ metric of (2) equal to zero,
φ˙ =
4JG
ρ2
, (44)
which corresponds to a definite relation between con-
served total energy E and orbital momentum µ. Then,
we get the interval
ds2 = N2d2t− 1
N2
dρ2 (45)
in a strong analogy with the case of J = 0. The differ-
ence is due to the presence of two horizons and two return
point for geodesics completely confined behind the hori-
zons.
The interval of trajectory takes the form
ds2 =
dρ2
1/A−N2 , (46)
where again A = m2/E2. For the confined geodesics
A < 0, and the return points ρ1,2 are positive solutions
of equation
ρ4 −
(
8GMℓ2 +
ℓ2
A
)
ρ2 + 16J2G2ℓ2 = 0. (47)
With
B = 1 + 1
8GMA
roots are
ρ21,2 = 4GMℓ
2
[
B ±
√
B2 − J
2
M2ℓ2
]
, (48)
that indicates the existence of minimal value of negative
A. The roots are arranged, so that
ρ− 6 ρ1 6 ρ2 6 ρ+,
of course.
The increment of interval is determined by
∆cs = 2
ρ2∫
ρ1
dρ
ℓρ√
(ρ22 − ρ2)(ρ2 − ρ21)
= πℓ. (49)
It is fixed and independent of return points.
The ‘tortoise’ coordinate is given by
ρ∗ =
∫
dρ
ℓ2ρ2
(ρ2 − ρ2+)(ρ2 − ρ2−)
=
ℓ2
2(ρ2+ − ρ2−)
[
ρ+ ln
ρ− ρ+
ρ+ ρ+
− ρ− ln ρ− ρ−
ρ+ ρ−
]
,
(50)
5so that, after the introduction of appropriate Kruskal co-
ordinates and corresponding two maps with purely imag-
inary time [2], we find two inverse temperatures of exter-
nal and inner horizons, correspondingly,
β± = 2π
ℓ2ρ±
ρ2+ − ρ2−
. (51)
The consistency of two maps takes place, if
β+
β−
=
ρ+
ρ−
= k, (52)
where k is an integer or half-integer number [3].
The increment of phase defined by the purely imagi-
nary time,
ϕE =
2π
β+
tE , (53)
is given by the integral
∆cϕE =
2π
β+
2
ρ2∫
ρ1
dρ
√
−1/A
N2
√
1/A−N2 , (54)
which can be evaluated by the same way of previous sec-
tion, i.e. the contour integration after the transformation
of variables ξ = ρ2. Then, it is reduced to contribution
of two residues by poles at ρ2 = ρ2±, where N
2 nullifies,
∆cϕE = π
ρ+ − ρ−
ρ+
. (55)
The winding number of ground level is equal to
n+ =
2π
∆cϕE
=
2k
k − 1 . (56)
It should be integer, that restricts values of k by the
following set:
k =
{
1,
3
2
, 2, 3,∞
}
. (57)
k = 1 represents the extremal black hole, while k = ∞
reproduces the black hole with J = 0.
As we have already recognized in the previous section,
there are no excitations of ground state for the particle
confined behind the horizons of BTZ black hole.
Next, the action of single particle at the ground level
is equal to
S = −mcn+∆cs = −mc 2π ℓρ+
ρ+ − ρ− , (58)
or
S = −mc ρ+ + ρ−
ℓ
β+,
which gives the partition function
lnZ = −β+ σ ρ+ + ρ−
ℓ
, (59)
where σ =
∑
mc is the sum of particle masses (c = 1).
Following the method of [2], the total energy of system
is equal to the mass of black hole,
M = −∂ lnZ
∂β+
,
if
σ =
ℓ
ρ+ + ρ−
(
M − 1
4Gβ+
A+
)
, (60)
which reproduces the result of previous section for the
sum of masses at ρ+ = r+ and ρ− = 0.
Further, in the standard thermodynamical way, the
entropy
S = β+M + lnZ
is equal to
S = 1
4G
A+, (61)
in agreement with the Bekenstein–Hawking formula.
The Helmholtz energy
F = M − A+
4Gβ+
= M
(
1− 2
√
1− J
2
M2ℓ2
)
is positive at
J2 >
3
4
M2ℓ2 ⇒ F > 0. (62)
IV. QUANTUM SPECTRUM
The relation between the BTZ black hole mass M and
its orbital momentum J can be easily obtained from the
condition of map consistency (52),
ρ2+
ρ2−
= k2 ⇔ k2 =
1 +
√
1− J2
M2ℓ2
1−
√
1− J2
M2ℓ2
, (63)
that gives1
J =
2k
k2 + 1
Mℓ, (64)
which indicates the linear dependence of mass M ver-
sus the orbital momentum J . Then, the set of k values
determines 5 quasi-classical trajectories in the plane of
{J,M}.
The set of winding numbers
n+ = {∞, 6, 4, 3, 2}, (65)
1 Here we put J > 0, for definiteness.
6can be treated as numbers of massive spin-states: n+ =
2s+ 1 (at J 6= 0 and in non-extremal case).
Next, the ‘area’ is also quantized as
A+ = 2πρ+ = 4π
√
GℓJk. (66)
It is spectacular that the ‘area’ is not linear in integer or
half-integer J .
V. CONCLUSION
We have demonstrated that the approach of quasi-
classical quantization for the particles completely con-
fined behind the horizon [1, 2, 3, 4] can be successfully
applied to the BTZ black hole. The features of BTZ
black hole are the followings: the absence of excitations
over the ground level, and the linear dependence of mass
versus the orbital momentum.
We could expect that the ground level of particles in
the BTZ black hole would be quite a coherent state,
whose characteristics at the external horizon is complete
in a sense of holographic principle [13].
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